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We are concerned with the following nonlinear Dirichlet problem:
Du ¼ hðxÞuq þ f ðx; uÞ;
04u 2 H10 ðOÞ; 05q51;
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where O is a bounded smooth domain in RN ðN51Þ and hðxÞ 2 L1ðOÞ; f ðx; sÞ is
asymptotically linear with respect to s at inﬁnity. By a variant version of Mountain
Pass Theorem, we prove that there exist at least two nonnegative solutions under
suitable assumptions on f ðx; sÞ: Our methods also work for the cases where f ðx; sÞ is
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SEMI-LINEAR ELLIPTIC PROBLEMS 2011. INTRODUCTION
In this paper, we study the following Dirichlet problem:
Du ¼ hðxÞuq þ f ðx; uÞ;
04u 2 H10 ðOÞ;
(
ð1:1Þ
where O is a bounded smooth domain in RN ðN51Þ; 05q51 and hðxÞ;
f ðx; sÞ satisfy the following conditions:
ðh1Þ: hðxÞ 2 L1ðOÞ and hðxÞc0:
ð f 1Þ: f ðx; sÞ 2 Cð %O RÞ; f ðx; 0Þ 	 0; f ðx; sÞ5ðcÞ0 for all s50;x 2 O:
ð f 2Þ: lims!0þ
f ðx; sÞ
s
¼ m 2 ½0; l1Þ; lims!þ1
f ðx; sÞ
s
¼ ‘ 2 ðl1;þ1 uniformly
in x 2 O; where l1 > 0 is the ﬁrst eigenvalue of 4 in H10 ðOÞ; that is,
l1 ¼ inf
R
O jruj
2 dxR
O u
2 dx
: u 2 H10 ðOÞ; uc0
( )
: ð1:2Þ
Moreover, if ‘ ¼ þ1 we suppose as usual that f ðx; sÞ is subcritical, that is
lim
s!þ1
f ðx; sÞ
sk
¼ 0 uniformly in x 2 O; ð1:3Þ
where k is some constant such that k 2 ð1; ðN þ 2Þ=ðN  2ÞÞ if N53 and
k 2 ð1;þ1Þ if N ¼ 1; 2:
Definition. We say that u 2 H10 ðOÞ is a positive (nonnegative) weak
solution to problem (1.1) if u > 0 ðu50Þ a.e. on O and satisﬁesZ
O
ru  rj dx ¼
Z
O
hðxÞuqj dx þ
Z
O
f ðx; uÞj dx for all j 2 H10 ðOÞ:
ð1:4Þ
By assumption ð f 1Þ; we know that to seek a nonnegative weak solution of
problem (1.1) is equivalent to ﬁnding a nonzero critical point of the
following functional on H10 ðOÞ:
IðuÞ ¼
1
2
Z
O
jruj2 dx 
1
q þ 1
Z
O
hðxÞðuþÞqþ1 dx 
Z
O
F ðx; uþÞ dx; ð1:5Þ
where uþ ¼maxf0; ug; F ðx; uÞ ¼
R u
0 f ðx; sÞ ds: By ð f 1Þ ð f 2Þ; it is easy to see
that I 2 C1ðH10 ðOÞ;RÞ: By the strong maximum principle [15], the nonzero
critical points of (1.5) are positive solutions to problem (1.1) if hðxÞ50:
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jjujj ¼
Z
O
jruj2 dx
 1
2
for u 2 H10 ðOÞ
and we use j  jp to denote the usual norm on L
pðOÞ for 14p4þ1:
Problem (1.1) was studied widely under various conditions on hðxÞ and
f ðx; sÞ; see, for example, [9, 27, 31] where q ¼ 0 and f ðx; sÞ is the Sobolev
critical growth; [1–3, 16, 17] where 05q51 and f ðx; sÞ is superlinear with
critical or subcritical growth and [5–8, 10, 12, 18, 19, 24–26, 30] for hðxÞ 	 0
with O bounded or unbounded. Problem (1.1) was also studied by Wu and
Yang in [29] for the case where f ðx; uÞ 	 lu  gðx; uÞ; l is a constant and
gðx; uÞc0 is sublinear globally in u: Moreover, Wang in [28] proved that
problem (1.1) has inﬁnitely many solutions un 2 H10 ðOÞ such that junj1!
n
0;
IðunÞ50 and IðunÞ!
n
0 by assuming that hðxÞ 	 l is a positive constant and
f ðx; uÞ is odd for small u: To the authors’ knowledge, it seems very few
results on the case that hðxÞ is not a constant and f ðx; sÞ is asymptotically
linear in s at inﬁnity, this case is different from the case in which f ðx; sÞ is
superlinear or sublinear. Recently, by using variational methods and critical
groups, Perera in [22] studied the existence of multiple solutions to problem
(1.1) with hðxÞ 	 l; l > 0 is a constant and he proved that there exists
ln > 0 such that problem (1.1) has at least 3–5 nontrivial solutions if l 2
ð0; lnÞ and f ðx; uÞ 	 gðuÞ 2 C1 satisﬁes the following conditions:
ðg1Þ: gð0Þ ¼ 0:
ðg2Þ: g0ð0Þ > l1; or
ðg2Þ
0: g0ð0Þ > lk; k52:
ðg3Þ: GðuÞ :¼
R u
0 gðtÞ dt4
1
2
au2 for all u with juj large and a5l1; or
ðg3Þ
0: b :¼ limu!1
gðuÞ
u
5l14lk5a :¼ limu!þ1
gðuÞ
u
5lkþ1 for some k51:
ðg4Þ: GðuÞ412lkþ1u
2 for all u and some k52;
where 05l15l24l34    denote the eigenvalues of 4 with zero Dirichlet
boundary data.
In the present paper, we are concerned with problem (1.1) under the
assumptions ðh1Þ ð f 1Þ ð f 2Þ which are different from that of papers
mentioned above, for example, in our case, conditions ðg2Þ ðg2Þ
0 ðg3Þ are
not satisﬁed. Instead of applying some abstract theory, the method used in
this paper is just based on a simple version of Mountain Pass Theorem, our
method also works for the case where f ðx; sÞ is superlinear with respect to s
at inﬁnity or f ðx; sÞ 	 ls for some l > 0; that is, the results of this paper
cover all growing cases of f ðx; sÞ in s from linear to asymptotically linear
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much more general cases of problem (1.1), e.g., the analogue on unbounded
domain. In this paper, we consider only nontrivial nonnegative solutions to
problem (1.1), so f ðx; sÞ50 for s50 is assumed.
The main results of this paper are as follows:
Theorem 1.1. Under conditions ðh1Þ ð f 1Þ and ð f 2Þ with ‘ 2 ðl1;þ1Þ;
suppose further that there exists v 2 H10 ðOÞ such that
ðh2Þ
Z
O
hðxÞðvþÞqþ1 dx > 0;
then there exists a constant m ¼ mðm; q; f ;N;OÞ > 0 such that for all hðxÞ 2
L1ðOÞ with jhj15m; problem (1.1) has a solution u1 2 H
1
0 ðOÞ; u150 and
Iðu1Þ50: Moreover, if hðxÞ50; then u1 > 0 a.e. in O:
Remark 1.1. If hðxÞ5ðcÞ0; it is easy to see that ðh2Þ is always satisﬁed.
Theorem 1.2. Under conditions ðh1Þ ð f 1Þ and ð f 2Þ with ‘ 2 ðl1;þ1Þ;
there exists m ¼ mðm; q; f ;N;OÞ such that for all h 2 L1ðOÞ with jhj15m;
problem (1.1) has a nonnegative solution u2 2 H10 ðOÞ with Iðu2Þ > 0 and u2 > 0
if hðxÞ50:
Corollary 1.1. Under the same conditions as Theorem 1.2 and if hðxÞ
5ðcÞ0; then there exists m > 0 and for all hðxÞ 2 L1ðOÞ with jhj15m;
problem (1.1) has at least two positive solutions u1; u2 2 H10 ðOÞ such that
Iðu1Þ505Iðu2Þ:
This corollary is a straightforward conclusion of Theorems 1.1 and 1.2, by
applying the strong maximum principle [15].
Theorem 1.3. Let ðh1Þ ð f 1Þ; ð f 2Þ with ‘ ¼ þ1 and (1.3) hold. Then
(i) If (h2) holds and assume that for any s 2 ð0; 1Þ; t > 0 small enough
with s > q þ ð1þ qÞt such that
ð f 2Þ0
lim
s!þ1
f ðx; sÞ
s
¼ þ1; but lim
s!þ1
f ðx; sÞ
s1þt
¼ 0 uniformly in x 2 O:
and
ð fF Þ
lims!1
f ðx; sÞs  2F ðx; sÞ
s1þs
¼ Z > 0 uniformly in x 2 O;
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with jhj15m; problem (1.1) has two nonnegative solutions u1; u2 2 H
1
0 ðOÞ with
Iðu1Þ505Iðu2Þ and, u1; u2 are positive if hðxÞ50:
(ii) If hðxÞ4ðcÞ0 and for a.e. x 2 O;
ð f 3Þ
f ðx; sÞ
s
is nondecreasing in s > 0;
then, problem (1.1) has at least one nonnegative solution.
Remark 1.2. Following the standard procedures of applying Mountain
Pass Theorem [4], if the following well-known technical condition is
satisﬁed, i.e. for some y > 0 and M > 0
ðARÞ 05F ðx; tÞ4
1
2þ y
f ðx; tÞt for all x 2 O and jtj5M ;
then the conclusions of Theorem 1.3 are true. However, in the present paper
our conditions ð f 2Þ0; ð fF Þ or ð f 3Þ in Theorem 1.3 are weaker, in some
sense, than condition ðARÞ; see the examples given below, in which all our
conditions ð f 1Þ–ð f 3Þ and ð fF Þ are satisﬁed, but ðARÞ: Clearly, if ‘51 in
ð f 2Þ condition ðARÞ is impossible to be true, since condition ðARÞ implies
that f ðx; sÞ in s has a behavior like s1þy at inﬁnity. Moreover, if the second
limit in condition ð f 2Þ0 is not zero, e.g. lims!þ1
f ðx; sÞ
s1þt
¼ constant > 0; then,
roughly speaking, condition ðARÞ is satisﬁed, and also ð fF Þ with Z ¼ þ1:
So we consider here only the case of ð f 2Þ0:
Example 1. For a > 0; ‘ > l1; deﬁne
f ðx; sÞ 	 f ðsÞ :¼
‘saþ1
1þ sa
if s50
0 if s40;
8<
:
it is easy to see that ð f 1Þ; ð f 2Þ with ‘51; ð f 3Þ are satisﬁed, and also ð fF Þ
with Z ¼ þ1 if a 2 ð0; 1 sÞ; but ðARÞ for any a: See e.g. [30].
Example 2. Deﬁne
f ðx; sÞ 	 f ðsÞ :¼
s lnðs þ 1Þ if s50;
0 if s40;
(
then ð f 1Þ; ð f 2Þ with ‘ ¼ þ1; ð f 2Þ0 and ð fF Þ with Z ¼ þ1 are satisﬁed, but
ðARÞ: Indeed, if ðARÞ holds, then we have lims!þ1
f ðx; sÞ
s1þy
=0 which
contradicts ð f 2Þ0 since t in ð f 2Þ0 can be chosen small enough such that t5y:
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case where f ðx; sÞ is asymptotically linear with respect to s at inﬁnity, i.e.
‘5þ1 in ð f 2Þ: In Section 2, by using the Ekeland variational principle, we
get a solution of problem (1.1) with negative energy (see Theorem 1.1). In
Section 3, a second solution to problem (1.1) with positive energy is
obtained by using a Mountain Pass Theorem for ‘ 2 ðl1;þ1Þ: The
superlinear case, i.e. ‘ ¼ þ1 in ð f 2Þ; is studied in Section 4 by using a
similar method to Section 2. Moreover, a special case, i.e. f ðx; uÞ 	 lu; is
discussed in Section 5.
2. EXISTENCE OF A LOCAL MINIMUM
We begin this section by giving some auxiliary results about f ðx; sÞ based
on conditions ð f 1Þ and ð f 2Þ:
By ð f 1Þ; ð f 2Þ with ‘5þ1; and noticing that f ðx; sÞ=sk !
s!þ1
0
uniformly in x 2 O for any ﬁxed k > 1 with k5Nþ2
N2 if N53 or 15k5þ
1 if N ¼ 1; 2; then it is easy to see that for any e > 0 there exists Ce ¼
Cðe; k; f ;OÞ > 0 such that
f ðx; sÞ4ðmþ eÞs þ Cesk for all s50; x 2 O; ð2:1Þ
F ðx; sÞ4
mþ e
2
s2 þ
Ce
k þ 1
skþ1 for all s50; x 2 O: ð2:2Þ
Since ð f 2Þ; m5l1; we can ﬁnd e0 > 0 with
mþ e05l1; ð2:3Þ
and there is a C0 ¼ C0ðk;m; f ;OÞ > 0 such that
F ðx; sÞ4
mþ e0
2
s2 þ C0skþ1 for all s50; x 2 O: ð2:4Þ
Similarly, for ‘ ¼ þ1; we have also (2.4) by using (1.3).
To prove Theorem 1.1, we need the following Ekeland variational
principle:
Proposition 2.1 (Ekeland’s variational principle [13], Theorem 1.1
bis). Let V be a complete metric space and F : V ! R[ fþ1g be lower
semicontinuous, bounded from below. For any e > 0; there is some point v 2 V
with
F ðvÞ4 inf
V
F þ e and F ðwÞ5F ðvÞ  edðv;wÞ for all w 2 V : ]
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there exists m ¼ mðu; q; f ;N;OÞ > 0 such that for all h 2 L1ðOÞ with jhj15
m we have
(i) There exist r > 0; Z > 0 such that
IðuÞ5Z > 0 for all u 2 H10 ðOÞ with jjujj ¼ r:
(ii) There exists e 2 H10 ðOÞ with jjejj > r such that IðeÞ50:
(iii) If ‘ ¼ þ1 in ð f 2Þ and, ð f 3Þ holds, then the conclusions of (i) and (ii)
still hold.
Proof. (i) Since hðxÞ4jhðxÞj4jhj1; noticing the deﬁnition of I given in
(1.5), it follows from (2.4) and Sobolev’s embedding that
IðuÞ5
1
2
jjujj2 
jhj1
q þ 1
Z
O
ðuþÞqþ1 dx 
mþ e0
2
Z
O
u2 dx  C0
Z
O
jujkþ1 dx
5C1jjujj2  C2jhj1jjujj
qþ1  C3jjujjkþ1
5 ½C1  jhj1C2jjujj
q1  C3jjujjk1jjujj2; ð2:5Þ
where C1 ¼ 12ð1
mþe0
l1
Þ > 0 by (2.3), C2 ¼ C2ðq;N;OÞ > 0 and C3 ¼
C3ðC0; k;N ;OÞ: Motivated by [16], we let
gðtÞ ¼ C2jhj1t
q1 þ C3tk1 for t50;
where q 2 ð0; 1Þ and k 2 ½1; Nþ2
N2 Þ if N53; or k 2 ½1;þ1Þ if 14N53:
Clearly,
g0ðtÞ ¼ C2ðq  1Þjhj1t
q2 þ C3ðk  1Þtk2:
By g0ðt0Þ ¼ 0; we have
t0 ¼ ½C4jhj1
1=ðkqÞ; 05q515k;
where C4 ¼
ð1qÞC2
C3ðk1Þ
; and then
gðt0Þ ¼ C2jhj1ðC4jhj1Þ
q1
kq þ C3ðC4jhj1Þ
k1
kq ¼ C5jhj
k1
kq
1 ;
where C5 ¼ C5ðq; k;m; f ;N;OÞ ¼ C2C
q1
kq
4 þ C3C
k1
kq
4 ; and
k1
kq > 0 since 05q
515k: Thus, for any ﬁxed k > 1; there exists m ¼ mðm; q; f ;N ;OÞ > 0 such
SEMI-LINEAR ELLIPTIC PROBLEMS 207that gðt0Þ5C1 if jhj15m: Then, if jhj15m and taking r ¼ t0; it follows
from (2.5) we see that (i) is proved.
(ii) Since l15‘5þ1; by ð f 2Þ it is easy to see that
lim
s!þ1
F ðx; sÞ
s2
¼
‘
2
>
l1
2
uniformly in x 2 O;
then, for s > 0 large enough we can ﬁnd some t > 0 such that
F ðx; sÞ
s2
5
‘  t
2
>
l1
2
uniformly in x 2 O: ð2:6Þ
Let j1 > 0 be a l1-eigenfunction, for t > 0 large enough and noticing 05q
51; we have
Iðtj1Þ ¼
t2
2
jj 1jj
2 
tqþ1
q þ 1
Z
O
hðxÞjqþ11 dx 
Z
O
F ðx; tj1Þ dx
4
t2
2
jj 1jj
2 
tqþ1
q þ 1
Z
O
hðxÞjqþ11 dx 
t2
2
Z
O
ð‘  tÞj21 dx
¼
t2
2
Z
O
ðl1  ‘ þ tÞj21 dx 
tqþ1
q þ 1
Z
O
hðxÞjqþ11 dx
5 0; by ð2:6Þ and t > 0 large:
So, for t0 > 0 large enough and choosing e ¼ t0j1; then (ii) is proved.
(iii) Noting ð f 2Þ and (1.3), (2.4) is also true, then same as the proof of
part (i) we see that the conclusion of part (i) still holds for the case of
‘ ¼ þ1:
On the other hand, by standard regularity result we know that l1-
eigenfunction j1 2 CðOÞ; then there exist O0  %O0  O with mO0 > 0 and
some a > 0 such that min %O0 j1ðxÞ5a > 0: Hence, tj1ðxÞ !
t!þ1
þ1 uniformly
in %O0: By ð f 3Þ we see that 042F ðx; tÞ4f ðx; tÞt for all x 2 O and t50; then
F ðx; tÞ=t2 is nondecreasing in t > 0: Noticing ‘ 	 þ1 in ð f 2Þ; then for any
x 2 O0 and t > 0;
F ðx; tj1Þ
t2j2
1
5F ðx; taÞ
t2a2 !
r!þ1
þ1 uniformly in x 2 O0; and so for
any K > 0; there exists T ¼ Tða;KÞ > 0 such that
F ðx; tj1Þ
t2j21
5K > 0 for all t5T ; x 2 %O0:
LI, WU, AND ZHOU208Therefore, if we choose K > 0 large enough and for t > T ; we have
Iðtj1Þ
t2
4
1
2
Z
O
jrj1j
2 dx 
Z
O0
F ðx; tj1Þ
t2j21
j21 dx 
tq1
q þ 1
Z
O
hðxÞj1ðxÞ
qþ1 dx
4
1
2
Z
O
jrj1j
2 dx  K
Z
O0
j21 dx
4
1
2
Z
O
jrj1j
2 dx  a2K mO050:
This means that part (ii) is also proved for ‘ 	 þ1: ]
Proof of Theorem 1.1. Similar to [20], for r > 0 given by Lemma 2.1(i),
deﬁne
%Br ¼ fu 2 H10 ðOÞ : jjujj4rg; @Br ¼ fu 2 H
1
0 ðOÞ : jjujj ¼ rg
and %Br is a complete metric space with the distance
distðu; vÞ ¼ jju  vjj for u; v 2 %Br:
By Lemma 2.1, we know that
IðuÞj@Br5Z > 0: ð2:7Þ
Clearly, I 2 C1ð %Br;RÞ; hence I is lower semicontinuous and bounded from
below on %Br: Let
c1 ¼ inffIðuÞ : u 2 %Brg: ð2:8Þ
We claim that
c150: ð2:9Þ
Indeed, let v 2 C10 ðOÞ be given by ðh2Þ; i.e.
R
O hðxÞðv
þÞqþ1ðxÞ dx > 0; then for
t > 0 small, we have
IðtvÞ ¼
t2
2
Z
O
jrvj2 dx 
tqþ1
q þ 1
Z
O
hðxÞðvþÞqþ1 dx 
Z
O
F ðx; tvþÞ dx
4
t2
2
Z
O
jrvj2 dx 
tqþ1
q þ 1
Z
O
hðxÞjvþjqþ1 dx 
mt2
4
Z
O
jvþj2 dx by ð f 2Þ
5 0; if t > 0 small enough:
So, (2.9) is proved.
SEMI-LINEAR ELLIPTIC PROBLEMS 209By Proposition 2.1, for any k > 0; there is a uk such that
c14IðukÞ4c1 þ
1
k
; ð2:10Þ
IðwÞ5IðukÞ 
1
k
jjuk  wjj for any w 2 %Br: ð2:11Þ
Then, jjuk jj5r for k51 large enough. Otherwise, if jjuk jj ¼ r for inﬁnitely
many k; without loss of generality, we may assume that jjuk jj ¼ r for all
k51; and it follows from (2.7) that
IðukÞ5Z > 0
letting k !1 and combining (2.10) we see that 0 > c15Z > 0; this is a
contradiction.
We prove now that I 0ðukÞ!
n
0 in H10 ðOÞ: In fact, for any u 2 H
1
0 ðOÞ with
jjujj ¼ 1; let wk ¼ uk þ tu and for any ﬁxed k51; we have jjwkjj4jjuk jj þ t5r
if t > 0 small enough. So, it follows from (2.11) that
Iðuk þ tuÞ5IðukÞ 
t
k
jjujj;
that is,
Iðuk þ tuÞ  IðukÞ
t
5
1
k
jjujj ¼ 
1
k
:
Letting t ! 0; we see that hI 0ðukÞ; ui5 1k ; and this gives
jhI 0ðukÞ; uij5
1
k
for any u 2 H10 ðOÞ with jjujj ¼ 1:
So, I 0ðukÞ!n 0 in H10 ðOÞ; and by (2.10), IðukÞ!
n c150: Hence, by the
compactness of Sobolev embedding and a standard procedure, we see that
there exists u1 2 H10 ðOÞ such that I
0ðu1Þ ¼ 0; that is, u1 is a nonnegative weak
solution of problem (1.1) and Iðu1Þ ¼ c150:Moreover, if hðxÞ50; the strong
maximum principle [15] implies that u1 > 0 a.e. in O; and the proof of
Theorem 1.1 is completed. ]
3. EXISTENCE OF A MOUNTAIN PASS-TYPE SOLUTION
In this section, we use a variant version of Mountain Pass Theorem to get
a nonzero critical point of functional I ; this theorem is used also in [11] and
its proof can be found in [14, 23], let us recall ﬁrst this theorem.
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space with its dual space En and suppose that I 2 C1ðE;RÞ satisfy the condition
maxfIð0Þ; IðeÞg4m5Z4 inf
jjujj¼r
IðuÞ
for some m5Z; r > 0 and e 2 E with jjejj > r: Let c5Z be characterized by
c ¼ inf
g2G
max
04t41
IðgðtÞÞ;
where G ¼ fg 2 Cð½0; 1;EÞ : gð0Þ ¼ 0; gð1Þ ¼ eg is the set of continuous paths
joining 0 and e: Then, there exists a sequence fung  E such that
IðunÞ!
n
c5Z and ð1þ jjunjjÞjjI 0ðunÞjjEn !
n
0: ]
Proof of Theorem 1.2. Let r; Z and e be given in Lemma 2.1, applying
Proposition 3.1 with m ¼ 0; E ¼ H10 ðOÞ; and for c deﬁned as in Proposition
3.1, then there exists a sequence fung  H10 ðOÞ such that
IðunÞ!
n
c > 0; ð1þ jjunjjÞjjI 0ðunÞjjEn !
n
0:
This implies that
1
2
jjunjj2 
1
q þ 1
Z
O
hðxÞðuþn Þ
qþ1 dx 
Z
O
F ðx; uþn Þ dx ¼ c þ oð1Þ; ð3:1Þ
Z
O
run  rj dx 
Z
O
hðxÞðuþn Þ
qj dx 
Z
O
f ðx; uþn Þj dx ¼ oð1Þ
for j 2 H10 ðOÞ; ð3:2ÞZ
O
jrunj2 dx 
Z
O
hðxÞðuþn Þ
qþ1 dx 
Z
O
f ðx; uþn Þun dx ¼ oð1Þ: ð3:3Þ
By the compactness of Sobolev embedding and the standard procedures, we
know that, if fung is bounded in H10 ðOÞ; there exists u2 2 H
1
0 ðOÞ such that
I 0ðu2Þ ¼ 0; Iðu2Þ ¼ c > 0 and u2 is a nonnegative weak solution of problem
(1.1), which is positive if hðxÞ50 by the strong maximum principle.
Moreover u2 is different from the solution u1 obtained in Theorem 1.1 since
Iðu1Þ ¼ c150: So, to prove Theorem 1.2, we need only show that fung given
by (3.1)–(3.3) is bounded in H10 ðOÞ:
We turn now to showing that fung is bounded in H10 ðOÞ: By contradiction,
we suppose that jjunjj!
n
1; and we set
wn ¼
un
jjunjj
: ð3:4Þ
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1
0 ðOÞ; and we may suppose, for some
subsequence of fwng and w 2 H10 ðOÞ; that
wn *
n
w weakly in H10 ðOÞ; wn !
n
w a:e: in O;
wn !
n
w strongly in LrðOÞ;
8<
: ð3:5Þ
where 14r52n ¼ 2N
N2 if N53 and r 2 ð1;þ1Þ if N ¼ 1; 2:
Similarly, wþn ¼
uþn
jjun jj
satisfying
wþn *
n
wþ weakly in H10 ðOÞ; w
þ
n !
n
wþ a:e: in O;
wn !
n
wþ strongly in LrðOÞ:
8<
: ð3:6Þ
We ﬁrst claim that
wc0:
Indeed, if w 	 0; then by ð f 1Þ and (3.6) we have
lim
n!1
Z
O
hðxÞðwþn Þ
qþ1 dx ¼ 0;
lim
n!1
Z
O
F ðx;wþn ðxÞÞ dx ¼ limn!1
Z
O
f ðx;wþn ðxÞÞwnðxÞ dx ¼ 0:
Multiplying (3.3) by 1
jjun jj2
; and noticing (3.4) we see that
jjwnjj
2 
1
jjunjj1q
Z
O
hðxÞðwþn Þ
qþ1 dx 
Z
O
pðx; unÞðwþn Þ
2 dx ¼ oð1Þ; ð3:7Þ
where
pðx; sÞ ¼
f ðx; sþÞ
sþ
if s > 0;
0 if s40:
8<
:
and pðx; sÞ ¼ pðx; sþÞ50: Moreover, it follows from ð f 1Þ and ð f 2Þ with
‘ 2 ðl1;þ1Þ that there exists a constant M > 0 such that
f ðx; sþÞ
sþ









4M for all x 2 O and s 2 R: ð3:8Þ
Noting jjunjj!
n
þ1; (3.7) yields
jjwnjj
2 
Z
O
pðx; uþn Þðw
þ
n Þ
2 dx ¼ oð1Þ;
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O
pðx; uþn Þðw
þ
n Þ
2 dx









4M
Z
O
ðwþn Þ
2 dx!
n
0:
So, jjwnjj2!
n
0; this contradicts that jjwnjj ¼ 1:
Next, we claim that
wðxÞ > 0 a:e: in O:
By (3.2), we know that, for any j 2 H10 ðOÞ;Z
O
rwn  rj dx 
1
jjunjj1q
Z
O
hðxÞðwþn Þ
qj dx

Z
O
pðx; uþn Þwnj dx ¼ oð1Þ: ð3:9Þ
By (3.8), there exists some v 2 L2ðOÞ such that
pðx; unÞ*
n
vðxÞ weakly in L2ðOÞ and 04vðxÞ4M a:e: in O;
this and (3.6) imply that, for any j 2 H10 ðOÞ;Z
O
f ðx; uþn Þ
uþn
wþn j dx ¼
Z
O
pðx; unÞwþn ðxÞj dx!
n
Z
O
vðxÞwþj dx:
So, combining (3.9) we getZ
O
rw  rj dx ¼
Z
O
vðxÞwþj dx for all j 2 H10 ðOÞ: ð3:10Þ
Let j ¼ w ¼ minf0;wg in (3.10), it is easy to see that
R
O jrw
j2 dx ¼ 0; this
means that w ¼ 0 a.e. in O; and then w 	 wþ50: By (3.10), we know that
w50 is a weak solution to the following problem:
 4 w ¼ vðxÞwþ50;
then it follows from the strong maximum principle for weak solution (see
[15]) that wðxÞ > 0 a.e. in O:
Finally, we turn to showing that wð> 0Þ satisﬁes the following identity:Z
O
rw  rj dx ¼ ‘
Z
O
wj dx for all j 2 H10 ðOÞ: ð3:11Þ
By (3.4) and (3.6), we see that
wnðxÞ ¼
un
jjunjj
!
n
wðxÞ > 0 a:e: in O;
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n
þ1; then we must have unðxÞ!
n
þ1 a.e.
in O; and it follows from ð f 2Þ that pðx; uþn Þ ¼
f ðx;uþn Þ
uþn
!
n
‘: Hence vðxÞ 	 ‘ in
(3.10), that is, (3.11) holds. However, (3.11) contradicts that ‘ > l1 since l1 is
the smallest eigenvalue of D; so our assumption that jjunjj!
n
þ1 is false, that
is, fung is bounded in H10 ðOÞ; and the proof of Theorem 1.2 is completed. ]
4. THE CASE OF ‘ ¼ þ1
If ‘ ¼ þ1 in ð f 2Þ; this is a very common case that f ðx; sÞ is called
superlinear with respect to s at inﬁnity, but to deal with this kind of
problem, as it is well-known, condition ðARÞ is usually required. The main
aim of this section is to prove that problem (1.1) still has solutions if
‘ ¼ þ1 but without assuming condition ðARÞ (see Theorem 1.3). In order
to prove Theorem 1.3, we need the following lemma.
Lemma 4.1. For I defined by (1.5), if ð f 1Þ ð f 2Þ ð f 3Þ hold and there exists
fung  H10 ðOÞ satisfies
hI 0ðunÞ; uni!
n
0;
then, for any t > 0; by extracting a suitable subsequence, we have
IðtunÞ4
t2 þ 1
2n
þ
t2
2

tqþ1
1þ q
  Z
O
hðxÞðuþn Þ
qþ1 dx þ IðunÞ if hðxÞ40:
Proof. The main ideal of this proof is essentially due to [26] where
hðxÞ 	 0: For the sake of completeness, we give its proof. By the assumption,
we may assume that there is a subsequence (still denoted by fungÞ such that
for all n51;1
n
4hI 0ðunÞ; uni41n ; that is,

1
n
þ
Z
O
f ðx; uþn Þu
þ
n dx4 jjunjj
2 
Z
O
hðxÞðuþn Þ
qþ1 dx
4
1
n
þ
Z
O
f ðx; uþn Þu
þ
n dx: ð4:1Þ
Then, for any t > 0; by using the right side inequality of (4.1), we have
IðtunÞ ¼
t2
2
jjunjj2 
tqþ1
q þ 1
Z
O
hðxÞðuþn Þ
qþ1 dx 
Z
O
F ðx; tuþn Þ dx
4
t2
2n
þ
t2
2

tqþ1
q þ 1
  Z
O
hðxÞðuþn Þ
qþ1 dx
þ
Z
O
t2
2
f ðx; uþn Þu
þ
n  F ðx; tu
þ
n Þ
 
dx: ð4:2Þ
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2
t2f ðx; sÞs  F ðx; tsÞ; by ð f 3Þ it is easy to see that
g0ðtÞ ¼ f ðx; sÞts  f ðx; tsÞs ¼
50 if t41;
40 if t51;
(
this means that gðtÞ4gð1Þ; for all t > 0: So, it follows from (4.2) that
IðtunÞ4
t2
2n
þ
t2
2

tqþ1
q þ 1
  Z
O
hðxÞðuþn Þ
qþ1 dx
þ
Z
O
1
2
f ðx; uþn Þu
þ
n  F ðx; u
þ
n Þ
 
dx: ð4:3Þ
On the other hand, by the left side inequality of (4.1) we know that
IðunÞ5 
1
2n
þ
1
2

1
q þ 1
  Z
O
hðxÞðuþn Þ
qþ1 dx
þ
Z
O
1
2
f ðx; uþn Þu
þ
n  F ðx; u
þ
n Þ
 
dx
5 
1
2n
þ
Z
O
1
2
f ðx; uþn Þu
þ
n  F ðx; u
þ
n Þ
 
dx if hðxÞ40
that is, for hðxÞ40 we have thatZ
O
1
2
f ðx; uþn Þu
þ
n  F ðx; u
þ
n Þ
 
dx4
1
2n
þ IðunÞ: ð4:4Þ
Therefore, combining (4.3) and (4.4) we know that the proof of Lemma 4.1
is completed. ]
Proof of Theorem 1.3. Proof of (i): By Lemma 2.1(iii) and the proof of
Theorem 1.1, we know that problem (1.1) has a nonnegative solution u1 2
H10 ðOÞ with Iðu1Þ50:
Now we turn to showing that (1.1) has a Mountain Pass-type solution u2:
For this purpose, similar to the proof of Theorem 1.2, it follows from
Lemma 2.1(iii) and Proposition 3.1 that there exists a sequence fung 2 H10 ðOÞ
such that (3.1)–(3.3) hold, then we need only show that fung is bounded in
H10 ðOÞ; but to prove this conclusion we cannot follow the same way as that
used in the proof of Theorem 1.2 since ‘ ¼ 1 now.
By condition ð f 2Þ0; we see that, for any given e > 0; there exists T1 > 0
such that
f ðx; tÞ4et1þt for all t5T1 and for a:e: x 2 O; ð4:5Þ
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f ðx; tÞt  2F ðx; tÞ5
Z
2
t1þs > 0 for all t5T2 and a:e: x 2 O ð4:6Þ
Taking T ¼ maxfT1; T2g and, for each n51; setting
An ¼ fx 2 O : junðxÞj5Tg; Bn ¼ fx 2 O : junðxÞj4Tg:
Then by ð f 1Þ; for fung given in (3.1)–(3.3), there is some C0 ¼ C0ðTÞ > 0
such that
 C04
Z
Bn
½f ðx; unÞun  2F ðx; unÞ dx4C0;
f ðx; unÞun  2F ðx; unÞ50 in An: ð4:7Þ
For the above T > 0; it follows from (3.1), (3.3), (4.7) and (4.6) that
2
q þ 1
 1
 Z
O
juþn j
qþ1 dx þ 2c þ oð1Þ ¼
Z
O
½f ðx; uþn Þu
þ
n  2F ðx; u
þ
n Þ dx
5
Z
An
½f ðx; uþn Þu
þ
n  2F ðx; u
þ
n Þ dx  C0
5
Z
2
Z
An
juþn j
1þs dx  C0;
where jAnj denotes the measure of An: This implies that there exist C1 ¼
C1ðC0; c; ZÞ > 0; C2 ¼ C2ðZ; qÞ > 0 such thatZ
An
juþn j
1þs dx4C1 þ C2jjunjjqþ1 þ oð1Þ: ð4:8Þ
On the other hand, ﬁxing m ¼ 1þq
q
> 2 since q 2 ð0; 1Þ: By (3.1) and (3.3)
we get
1 q
2ð1þ qÞ
jjunjj2 
1 q
q þ 1
Z
O
hðxÞjuþn j
qþ1 dx 
Z
O
F ðx; uþn Þ 
1
m
f ðx; uþn Þu
þ
n
 
dx
¼ c þ oð1Þ; ð4:9Þ
and noting that, by ð f 1Þ and the deﬁnition of Bn; there exists C3 > 0 such
that Z
Bn
F ðx; uþn Þ 
1
m
f ðx; uþn Þu
þ
n
 
dx









4C3:
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1 q
2ð1þ qÞ
jjunjj
2 þ oð1Þ4c þ C3 þ
Z
An
F ðx; uþn Þ 
1
m
f ðx; uþn Þu
þ
n
 
dx
þ
1 q
1þ q
Z
O
hðxÞjuþn j
qþ1 dx
4c þ C3 þ
Z
An
1
2
f ðx; uþn Þun 
q
1þ q
f ðx; uþn Þun
 
dx
þ
1 q
1þ q
Z
O
hðxÞjuþn j
qþ1 dx
¼ c þ C3 þ
1 q
2ð1þ qÞ
Z
An
f ðx; uþn Þu
þ
n dx
þ
Cð1 qÞ
1þ q
jhðxÞj1jju
þ
n jj
qþ1; by Sobolev embedding
4c þ C3 þ
Z
An
juþn j
2þt dx þ CjhðxÞj1jju
þ
n jj
qþ1;
by taking e ¼
2ð1þ qÞ
1 q
in ð4:5Þ
4c þ C3 þ
Z
An
juþn j
1þs dx
 1þt
1þs
Z
An
juþn j
1þs
st dx
 st
sþ1
þ CjhðxÞj1jju
þ
n jj
qþ1; by H .older inequality
4c þ C3 þ C
Z
An
juþn j
1þs dx
 1þt
1þs
jjunjj
þ CjhðxÞj1jju
þ
n jj
qþ1; by Sobolev imbedding
¼ c þ C3 þ
1 q
4ð1þ qÞ
jjunjj2 þ
ð1þ qÞC2
1 q
Z
An
juþn j
1þs dx
 2ð1þtÞ
1þs
þ CjhðxÞj1jju
þ
n jj
qþ1; by Young’s inequality
4CjhðxÞj1jjunjj
qþ1 þ c þ C3 þ
1 q
4ð1þ qÞ
jjunjj
2
þ
ð1þ qÞC2
1 q
ðC2jjunjj
qþ1 þ C1Þ
2ð1þtÞ
1þs :
This implies that fung is bounded in H10 ðOÞ since 05q51 and
2ð1þqÞð1þtÞ
1þs 52
by noting that q þ ð1þ qÞt5s51:
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(1.1) has a Mountain Pass-type solution. Similar to the proof of part (i), we
show only that the sequence fung given by (3.1)–(3.3) is bounded in H10 ðOÞ:
For this purpose, we argue by contradiction. Suppose that jjunjj!
n
1 and,
for c > 0 given in (3.1) we set
tn ¼
2
ﬃﬃ
c
p
jjunjj
; wn ¼ tnun ¼
2
ﬃﬃ
c
p
un
jjunjj
: ð4:10Þ
Clearly, wn is bounded in H
1
0 ðOÞ: By extracting a subsequence and similar to
(3.5) and (3.6), we may suppose that, for the same r given by (3.5),
wn *
n
w; wþn *
n
wþ weakly in H10 ðOÞ;
wn !
n
w; wþn !
n
wþ a:e: in O;
wn !
n
w; wþn !
n
wþ strongly in LrðOÞ:
8>><
>>>:
ð4:11Þ
We claim that
wþc0:
In fact, if wþ 	 0; then by (4.11) we have wþn !
n
0 in L2ðOÞ and Lqþ1ðOÞ:
Hence,
lim
n!1
Z
O
hðxÞðwþn Þ
qþ1 dx ¼ 0; lim
n!1
Z
O
F ðx;wþn ðxÞÞ dx ¼ 0;
therefore
IðwnÞ ¼
1
2
jjwnjj2 
1
q þ 1
Z
O
hðxÞðwþn Þ
qþ1 dx 
Z
O
F ðx;wþn Þ dx ð4:12Þ
¼ 2c  oð1Þ: ð4:13Þ
On the other hand, by (4.10), tn ! 0 as n ! þ1 since jjunjj!
n
1: Hence, it
follows from Lemma 4.1 with t replaced by tn that
IðwnÞ ¼ IðtunÞ4
t2n þ 1
2n
þ
t2n
2

tqþ1n
1þ q
  Z
O
hðxÞðuþn Þ
qþ1 dx þ IðunÞ
¼
t2n
2n
þ
t1qn
2

1
1þ q
  Z
O
hðxÞðwþn Þ
qþ1 dx þ IðunÞ!
n
c;
that is, IðwnÞ4c þ oð1Þ; which contradicts (4.13). Hence, wþc0:
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O1 ¼ fx 2 O : wþðxÞ ¼ 0g; O2 ¼ fx 2 O : wþðxÞ > 0g:
By (4.10) and (4.11), we see that uþn !
n
þ1 a.e. in O2: Using (3.2) and
noticing (4.10), the same as that of Section 2 we have (3.9). Taking j ¼ wþ
in (3.9) we get Z
O
rwn  rwþ dx 
1
jjunjj1q
Z
O
hðxÞðwþn Þ
qwþ dx

Z
O
pnðx; unÞwþn w
þ dx ¼ oð1Þ; ð4:14Þ
where
pnðx; unÞ ¼
f ðx;unðxÞÞ
unðxÞ
for x 2 O with unðxÞ50;
0 for x 2 O with unðxÞ40;
(
thereforeZ
O
jrwþj2 dx ¼ lim
n!þ1
Z
O
f ðx; uþn Þ
uþn
wþn w
þ dx5 lim
n!þ1
Z
O2
f ðx; uþn Þ
uþn
wþn w
þ dx
5
Z
O2
lim
n!þ1
f ðx; uþn Þ
uþn
wþn
 
wþ dx
but limn!þ1
f ðx;uþn Þ
uþn
wþn
h i
¼ þ1 a:e: in O2, so we must have measO2 ¼ 0; this
implies that O ¼ O1; and wþ 	 0 a.e. in O; it is impossible for we have
proved that wþc0: Hence, fung is bounded in H10 ðOÞ: ]
5. CASE OF f ðx; uÞ 	 lu AND SOME REMARKS
In this section, we show that our method also works for problem (1.1)
in the special case where f ðx; uÞ is globally linear with respect to u; e.g.,
f ðx; uÞ 	 lu; and some existence and nonexistence results are given.
We consider the following problem:
Du ¼ hðxÞuq þ lu; l > 0; 05q51;
u50; u 2 H10 ðOÞ:
(
ð5:1Þ
For problem (5.1), we consider now the following functional, for
u 2 H10 ðOÞ:
JðuÞ ¼
1
2
Z
O
jruj2 dx 
l
2
Z
O
ðuþÞ2 dx 
1
q þ 1
Z
O
hðxÞðuþÞqþ1 dx: ð5:2Þ
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nonnegative weak solution to problem (5.1).
Theorem 5.1. (i) If hðxÞ5ðcÞ0; then problem (5.1) has no positive
solution for l5l1; but for l5l1 problem (5.1) has at least one positive
solution if hðxÞ 2 L1ðOÞ:
(ii) If hðxÞ4ðcÞ0 and hðxÞ 2 LaðOÞ for some a 2 ½ 2
n
2n1q ;þ1; further-
more, there exists d > 0 such that hðxÞ4 d; then problem (5.1) has always a
nonnegative solution u 2 H10 ðOÞ with IðuÞ > 0 for all l > l1:
(iii) If hðxÞ4ðcÞ0; then problem (5.1) has no positive solution for l4l1;
(iv) If hðxÞ 	 0; then problem (5.1) has positive solution only if l ¼ l1:
Proof. (i) Suppose that problem (5.1) has a positive solution u 2 H10 ðOÞ;
then for the l1-eigenfunction j1 > 0; we have
l1
Z
O
uj1 dx ¼
Z
O
ru  rj1 dx ¼
Z
O
hðxÞuqj1 dx þ l
Z
O
uj1 dx
that is, ðl1  lÞ
R
O uj1 dx ¼
R
O hðxÞu
qj1 dx > 0 since u > 0; hðxÞ5ðcÞ0 and
j1 > 0; therefore, l5l1 and so (5.1) has no positive solution if l5l1:
On the other hand, if l5l1 we claim that there exist r > 0; Z > 0 such
that
JðuÞ5Z > 0 for all u 2 H10 ðOÞ with jjujj ¼ r: ð5:3Þ
In fact, by the deﬁnition of J and the deﬁnition of l1;
JðuÞ5
1
2
jjujj2 
l
2l1
jjujj2 
jhj1
q þ 1
Z
O
juþjqþ1 dx
5
1
2
jjujj2 
l
2l1
jjujj2 
jhj1C
q þ 1
jjujjqþ1;
then we can ﬁnd some r > 0 suitable large such that (5.3) holds.
By (5.3) and the proof of Theorem 1.1, we know that (5.1) has a positive
solution.
(ii) To prove this part, we apply Proposition 3.1.
Step 1. There exist r > 0; Z > 0 such that IðuÞj@Br5Z > 0:
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Z
O
u2 dx4
Z
O
uqþ1 dx
 1=a Z
O
u2
n
dx
 1
b
; where
1
a
þ
1
b
¼ 1
4ejujqþ1qþ1 þ
juj2
n
2n
ðaeÞb=ab
for any e > 0:
Hence,
JðuÞ5
1
2
jjujj2 
le
2
juþjqþ1qþ1 
ljuþj2
n
2n
2ðaeÞb=ab
þ
d
q þ 1
Z
O
ðuþÞqþ1 dx
5
1
2
jjujj2 
2ad
q þ 1
 b=a
lbb1juþj2
n
2n by taking e ¼
2d
lðq þ 1Þ
5
1
2
jjujj2 
2ad
q þ 1
 b=a
lbb1Sjjuþjj2
n
2n by Sobolev inequality;
so, this completes Step 1.
Step 2: There exists e =2 %Br such that JðeÞ50:
Indeed, since hðxÞ 2 LaðOÞ; a 2 ½ 2
n
2n1q ;þ1 and q 2 ð0; 1Þ; it follows thatZ
O
hðxÞj1ðxÞ
qþ1 dx









5þ1 and tq1q þ 1
Z
O
hðxÞjqþ11 dx !
t!þ1
0;
where j1 > 0 be the l1-eigenfunction. Then, for t > 0 we see that
lim
t!þ1
Iðtj1Þ
t2
¼
1
2
jj 1jj
2 
l
2
Z
O
j21 dx þ limt!þ1
tq1
q þ 1
Z
O
hðxÞj1ðxÞ
qþ1 dx
¼
1
2
jj 1jj
2 
l
2
Z
O
j21 dx
¼
1
2
ð1 l=l1Þjjj1jj
250 by l > l1;
and Step 2 is proved.
Step 3. The proof of Theorem 5.1(ii).
By steps 1 and 2, it follows from Proposition 3.1 that there exists fung 2
H10 ðOÞ such that
1
2
jjunjj
2 
l
2
Z
O
ðuþn Þ
2 dx 
1
q þ 1
Z
O
hðxÞðuþn Þ
qþ1 dx ¼ c þ oð1Þ; ð5:4Þ
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Z
O
ðuþn Þ
2 dx 
Z
O
hðxÞðuþn Þ
qþ1 dx ¼ oð1Þ; ð5:5Þ
Z
O
run  rj dx  l
Z
O
uþn j dx þ
Z
O
hðxÞðuþn Þ
qj dx ¼ oð1Þ
for all j 2 H10 ðOÞ: ð5:6Þ
As we know, to ﬁnish our proof we need only show that fung is bounded in
H10 ðOÞ:
By contradiction, suppose that jjunjj ! þ1 as n ! þ1; and let wn ¼ unjjun jj ;
then there exists a subsequence of fwng; still denoted by fwng; and some
w 2 H10 ðOÞ such that
wn *
n
w weakly in H10 ðOÞ; wn !
n
w a:e: in O;
wn !
n
w strongly in LpðOÞ; p 2 ½1; 2nÞ if N53 and p 2 ½1;1Þ if N ¼ 1; 2:
Similarly,
wþn *
n
wþ weakly in H10 ðOÞ; w
þ
n !
n
wþ a:e: in O;
wþn !
n
wþ strongly in LpðOÞ; p is the same as above:
Firstly, we claim that wc0: Otherwise, it follows from (5.5) that
jjwnjj
2  l
Z
O
ðwþn Þ
2 dx þ
1
jjunjj
1q
Z
O
hðxÞðwþn Þ
qþ1 dx ¼ oð1Þ;
this implies that jjwnjj!n 0; which contradicts that jjwnjj ¼ 1; so wc0:
Next, we claim that w > 0: In fact, by jjunjj!
n
1; hðxÞ 2 La; a 2 ½ 2
n
2n1q ;
þ1 and wþn is bounded in H
1
0 ðOÞ; it is clear that
1
jjunjj1q
Z
O
hðxÞðwþn Þ
qj dx!
n
0 as n ! þ1;
then by (5.6) we have thatZ
O
rw  rj dx  l
Z
O
wþj dx ¼ 0:
Taking j ¼ w in the above equality, we see that
R
O jrw
j2 dx ¼ 0; that is,
w 	 0; and w 	 wþ50; then by the strong maximum principle, we know
LI, WU, AND ZHOU222that w > 0 a.e. in H10 ðOÞ: Therefore,Z
O
rw  rj dx ¼ l
Z
O
wj dx for all j 2 H10 ðOÞ;
which is impossible since l > l1: So, fung is bounded in H10 ðOÞ; and the proof
of part (ii) is completed.
(iii) If problem (5.1) has a positive solution u 2 H10 ðOÞ; then
l1
Z
O
uj1 dx ¼
Z
O
ru  rj1 dx ¼ l
Z
O
uj1 dx þ
Z
O
hðxÞuqj1 dx;
where j1 > 0 is the l1-eigenfunction. Hence,
ðl1  lÞ
Z
O
uj1 dx ¼
Z
O
hðxÞuqj dx50
since u > 0;j1 > 0 and hðxÞ4ðcÞ0; hence, l > l1; and (iii) is proved.
(iv) By the properties of the l1-eigenfunction, we know that (iv) is
true. ]
Remark 5.1.
(1) For problem (5.1), some existence results (nonpositive solution) can
be found in [21] in the case of l4l1:
(2) By Theorem 5.1 we see that condition ð f 2Þ is necessary for
Theorem 1.2.
(3) A similar result to Theorem 5.1(ii) was also obtained in [29]
under some weak conditions on hðxÞ; but they require another sublinear
term.
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